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In this paper we introduce cointegrations from one bicomodule into 
another, a notion extending that of coderivation used by Nakajima [ 1 1 ] 
and Doi [3]. We show that in the category of comodules over a coring, the 
relative functor Ext is the derieved functor of cointegrations and, as a 
corollary, that the Hochschild cohomology of the coring is the derived 
functor of coderivations. These statements are analogues of the result of 
Kleiner [7], who proved that the relative functor Ext is the derived functor 
of integrations in the category of modules over an associative ring, and of 
the Barr-Rinehart [l] theorem stating that the Hochschild cohomology of 
an associative algebra is the derived functor of derivations. The proof is 
based on the existence of couniversal cointegrations and coderivations into 
an arbitrary comodule. 
As an application of the results on cohomology, we give a characteriza- 
tion of coseparable corings (Theorem 3.10). Coseparable, coalgebras have 
been studied in papers by Larson [IS], Nakajima [ 10, 111, and Doi [3], 
where coseparability is characterized in terms of coderivations. Our 
theorem extends these characterizations to corings, and gives some new 
ones, of which (vii) is particularly nice because it is an analogue of the 
characterization of finite-dimensional separable algebras over a field (cf, 
Cohn [2, Theorem 10.10.71). 
The cotensor product was first introduced by Milnor and Moore [9] for 
comodules over a coalgebra with a field as the ground ring. However, its 
behavior for corings is not well known, and coseparability seems to play an 
important role here (see Proposition 1.2, or the fact that cotensor product 
is not associative in general, but becomes so under some conseparability 
assumptions). The same remark applies to the functor Corn. (A detailed 
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study of these two functors can be found in Guzman [S].) In Section 1, we 
recall the definition of cotensor product, and prove a couple of results for 
later reference. 
In Section 2 we define cointegrations and inner cointegrations and show 
the existence of couniversal cointegrations. In the last section, we construct 
a relatively injective resolution and show that the relative “Ext” is the 
derived functor of cointegrations (Theorem 3.6) with a shift in dimension. 
M. Kleiner has pointed out to us that the functor Q (of couniversal coin- 
tegrations) is relatively exact. We use this fact in the proof of Proposi- 
tion 3.4, which in turn allows us to use the relatively injective resolutions 
to compute the relative derived functor of cointegrations. We also obtain 
reduction isomorphisms (3.9) for the relative “Ext”. Finally, relatively injec- 
tive and projective comodules and conseparable corings are characterized 
in terms of cointegrations and the relative “Ext” (Propositions 3.8 and 3.9 
and Theorem 3.10). 
Most of the definitions and statements admit one-sided and two-sided 
versions. Whenever appropriate, we state and /or prove one version, and 
then freely use of others. The letter I denotes the identity map, and its 
domain can always be deduced from the context. 
1. THE CATEGORY OF COMODULES 
This section sets the notation for the rest of the paper and has some 
results about the cotensor product over coseparable corings that will be 
needed later. 
Throughout the paper, S, R, and T denote rings (with 1 ), K an S-coring, 
L an R-coring, and J a T-coring (cf. Sweedler [121). A,: K + KO K and 
sK: K-t S denote the coring structure maps of K. Similar notations will be 
used for L and J, and subscripts will be avoided whenever possible. If N is 
a K-L bicomodule, pi : N-, K OS N denotes the left K comodule structure 
map, and p,’ : N --, N OR L the right L comodule structure map. These 
maps are required to satisfy 
(A@Z)A = (Z@ A)A (1.1) 
(E@~)A=(Z@E)A=Z (1.2) 
IZ@p-)P- =(AOZ)p- (1.3) 
(p+ OZ)p+ = (Z@A)p+ (1.4) 
(zop+)p- =(p- oqp+ (1.5) 
(E@z)p- =z (1.6) 
(z@&)p+ =I. (1.7) 
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K is said to be coseparable if there is a K-K map r-r: KO K -+ K such that 
nA=I. 
The following fact about module maps will used repeatedly: Let 
f: A, -+A, be a right S map and g: B, + Bz a left S map; then 
f@ g = (f@O(l@ gj = (169 g)(fO 0. (1.8) 
It is well known that the category K-Corn-L of K-L bicomodules is not 
an abelian category (cf. Jonah [6]). However, we have 
PROPOSITION 1.1. 1. The category K-Corn-L has cokernels, which coin- 
cide with those in S-Mod-R. 
2. Let f: N -+ M be a K-L map and ker f its kernel in S-Mod-R. rf 
the injection i: ker f -+ N is S-R split, then ker f is a K-L subbicomodul 
of N. Moreover it is the kernel off in K-Corn-L. 
Proof I. The well-known proof for coalgebras works here. 
2. Im f is a K-L subbicomodule of M, so consider the diagram 
O- ker f I f pN------+Imf -0 
1 
PH 
I 
PM 
O--+K@,kerf~K~,N~K@,Imf---+O 
By hypothesis, the top row is S-split, so the second row is exact, and the 
diagram commutes ince f is a K map. Therefore ,D; restricts to 
&~,~:kerf -+KOskerf and i is a left K map. 
A symmetric argument applies to p;, so i is a right L map. 
If g: A -+ N is a K-L map such that fg =O, then there is a unique 
!z :A -+ ker f such that g = ih. To see that h is a left K map observe that 
(163 i) pkerf h = pNih since i is a K map 
= PN g = (10 &TIP, since g is a K map 
= (10 i)(I@ h)p, 
but (I@ i) is injective so pker f h = (ZO h)p,. A symmetric argument shows 
that h is a right L map. Q.E.D. 
Let N be an R-K bicomodule and M a K-T bicomodule. The cotensor 
product N 0 K M is the kernel of the map of R-T bimodules 
P,V @I-IOp‘&: N@sM+N@sK@sM 
214 FERNANDOGUZMAN 
so N q K A4 is characterized by the exactness of 
O+NO,M+NQ:,M+NQsKQ,M. (1.9) 
Given comodule maps f: N -+ N’, g : A4 + M’, the diagram 
O- NU,M- NQM- NQKQM 
I 
fQg 
I 
.fQIQg 
O-N’ q ,M’--+ N’QM’- N’QKQM’ 
commutes and therefore there is a unique map f 0 g : N 0 A4 -+ N’ 0 M' 
that keeps the diagram commutative. Thus -0 K- is a subfunctor of -Q S- 
from R-Corn-K x K-Corn-T to R-Mod-T. In particular 0, = OS. 
PROPOSITION 1.2. 1. Let N be a J-K bicomodule and M a K-L 
bicomodule. If K is coseparable, then N 0 KM is a J-L subbicomodule of 
NQ,Mandtheinclusioni:N17,M-+NQ,MisJ-Lsplit. 
2. Let M be a K-L bicomodule. If K is coseparable, then 
pn,: M --f K 1? K M is a K-L isomorphism. 
Proof: 1. It is easy to check that with the left structure of N and the 
right structure of M, NQM becomes a J-L bicomodule. 
Consider the map f = (I@ E 0 I)(IQ 7-c 0 I)(p$ 0 p,), 
NQM ‘@‘+ NQKQKQM-------, lQnQ1 NQKQM- NQM, 
whererc:KQK-+KisaK-KmapwithnA=I.By(1.5),p,+ isaleftJmap, 
and pi is a right L map. Therefore f is a J-L map. Let us check that f 
is a projection onto N q K M. In fact 
(p,QI)f =(P,QI)(IQ&Q1)(1Q71QI)(PNQP~) 
by definition off 
=(ZQIQEQI)(~~QIQI)(IQ~QZ)(~~Q~~) 
by (1.8) 
= (IQ~QEQI)(ZQ~Q~:Q~)(P,Q~Q~Q~)(P,QP,) 
by (1.8) 
=(IQZQEQ~)(IQIQ~Q~I)(~QAQ~Q~)(P,QP,) 
by (1.4) 
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=(z~z~EOz)(zOAO~)(~~~Oz)~P,OP,,) 
since rr is a left K map 
= (zo~ro(P,OP*M) by (1.2). 
A symmetric argument shows that (I@ pnl)f= (Z@ rc 0 Z)(p,O P,\~) so 
(pi @I-Z@p,&)f=O, i.e., imfcN q ,M. Now if x is in N q ,M then 
(P‘VO PM)(X) = (PAJO 10 O(ZOP,K~) by (1.8) 
= (PNO Zc3Z)(P,c3 Z)(x) by definition of q 
= (18 A 0 Z)(P,O Z)(x) by (1.4) 
SO 
f(x)=(zoEOz)(zO~nzI)(p,+ @P,)(X) by definition of .f 
=(z@&@z)(z~7c@z)(z@A@z)(pN~z)(x) 
=(zo~Oz)(PNOz)(x) since nA = Z 
= )c by (1.7). 
Therefore fi= Z, and the result follows from Proposition 1.1.2. 
2. By part 1 we know that K II, M is a K-L subbicomodule of 
KOsM; by (1.3) the image of p; is in K q ,M, and by (1.3) and (1.5). 
pi is a K-L map, so pi: M-+KO,MisaK-Lmap. 
Let g = (E 0 Z)i, where i is the inclusion i: K 0 K M -+ K 0 S M. Then 
w,= (EOz)P.ii=z by (1.6) 
p~g=p,(&~z)i=(&~z~z)(z~p,)i by (1.8) 
=(E@Z@Z)(A@Z)~ by exactness of ( 1.9) 
=1 by (I.21 
=(Z@E@Z)(A@Z)~ by (1.2) 
= (I@ E 0 Z)(Z@ i)P(, c .W) since i is a K map 
= uo g) P(K tl M). 
This shows that g is the inverse of p; and that g is a left K map. Clearly 
it is also a right L map. Q.E.D. 
COROLLARY 1.3. Let M be a K-L bicornodule. [f K is coseparabie, tk~z 
p;:M+KOsM is a K-L split map. 
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2. COINTEGRATIONS 
If M, N are K-L bicomodules, a left cointegration from N to M is an S-L 
map 
f:N+K@,M 
such that 
(dkOI)f=(IOf)PN+(r0Pw)J: (2.1) 
Since we will not consider right cointegrations, the term cointegration 
will mean left cointegration. The set of cointegrations from N to M is an 
abelian group that we denote by Coint(N, M). A cointegration f from N 
to M is called inner if there is an S-L map q5 : N --f M such that 
f =uo4)P, -Pia (2.2) 
The set of inner cointegrations from N to M is a subgroup of Coint(N, M) 
that we denote by Incoint(N, M). 
Recall that if N is a K-K bicomodule, a coderivation from N into K is 
an S-S map 
g:N+ K 
such that 
&g=uog)P,+(~oGG (2.3) 
(cf. Doi [3]). It is called inner if there is an S-S map y:N+ S such that 
g=(IOy)p, -(YOOP,+. (2.4) 
The groups of coderivations and inner coderivations are denoted respec- 
tively by Coder(N, K) and Incoder(N, K). 
Coint(-, -) is a bifunctor, contravariant in the first variable and 
covariant in the second, and Incoint is a subfunctor of it. Similarly, Coder 
is a contravariant functor with Incoder as a subfunctor. 
The following proposition gives a relation between cointegrations and 
coderivations. The proof is a straightforward computation. 
PROPOSITION 2.1. For every K bicomodule N, there is a natural 
isomorphism 
a: Coint(N, K) -+ Coder(N, K) 
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that restrict to a natural isomorphism 
a : Incoint( N, K) -+ Incoder( N, K) 
Couniversal Cointegration 
Our next goal is to construct coiniversal cointegrations, i.e., given a K-L 
bicomodule M we want to construct a K-L bicomodule O(M) and a 
cointegration w from Q(M) into M such that every cointegration into 111 
factors through W. 
Consider the short exact sequence of S-R bimodules 
0-MSK@,MLR(M)-0, w3b 
where Q(M)= coker(p&). By Proposition 1.1.1, Q(M) is also the cokernel 
of pi in the caregory of K-L bicomodules, and (2.6) is a short exact 
sequence of K-L bicomodules. The map 
w’: K@ M -+ K@ h4 
given by 
w’ = (ZO I) - P(E 0 I) 
is an S-L map and w’p = 0, so there is a unique map 
such that IV’ = wq. 
THEOREM 2.2. The map w is a couniversal countegration into M. 
Proof: In order to show that w is a cointegration, it suffices to show 
that u!’ is a cointegration since q is a surjective K-L map. 
(ZO w’)(d @Z) + (I@p)w’ 
=~~o~~-(~op~~~o~oI)~do~~+~zop~-(1op)p~~oz) 
by definition of W’ 
=(~O~)-(zOp)+(zOP)-((dOz)PtEOz) by t1.2), (1.3) 
= (A 0 I) w by definition of u”. 
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Now let us show that 
,&om,(N, O(M)) + Coint(N, M) 
h H wh 
G!f++f 
(2.7) 
is an isomorphism of abelian groups. Since Coint(-, M) is a functor, &I is 
a cointegration, and if we compose (2.1) with (I@q) on the left, we get 
vo q)(d 0 Of= vo 4)VQf) P; + vo q)UQ P,)f 
but since q is a K-L map and qp ;=O, we get p;qZ-=(Z@qj-))p, so that 
4fis a K-L map. This shows that the maps are well defined. Let us show 
now that they are inverses of each other. We have 
qwq= qw’= q[(Z@Z) -P&(&@Z)] = q since qp; = 0. 
Then qw is the identity of G?(M), since q is sutjective. On the other hand, 
w’ = (ZQ I) - (E Q ZQ Z)(ZQ p) by (1.8) 
= (EQZQZ)[dQZ-ZQp] by (1.2) 
so 
~r,qf=w’f=(&OZOZ)[dOZ-ZOp~]f 
=(~QzQJ)(zQf)P~ by (2.1) 
=f(EQoPN by (1.8) 
=f by (1.6). Q.E.D. 
As a corollary, we obtain the existence of the couniversal coderivation 
(cf. Doi [3, Proposition 131). 
COROLLARY 2.3. Consider the sequence 
O-K++K@sK~Q(K)-O 
obtained from (2.6) by putting K = L = M. The map 
d: Q(K) + K 
k . k’ c, e(k)k’ - k.s(k’), 
where k . k’ = q(k Q k’), is a couniversal coderivation. 
V-8) 
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Proof: Follows from Theorem 2.2 and Proposition 2.1. Q.E.D. 
COROLLARY 2.4. The sequence (2.6) always splits as a sequence nf S-L 
bicomodules. 
Proof. Observe that qw = I and w is an S-L map. Q.E.D. 
PROPOSITION 2.5. The exact sequence (2.6) splits as a sequence of K-L 
bicomodules iff the couniversal cointegration is inner. 
Proof. If M’ is inner, there is an S-L map g: G?(M) -+ M such that 
MT= (Z@q) P; -Pig. (Z@ g) p; is a K-L map, and since qp;=O, 
I= qw = q(I@ g) P; so the sequence splits. Conversely if I= qu for some 
K-L map u, take g=(c@I)u:SZ(M)-+Mwhich is an S-L map and 
(~~~)P~-PM~=(IOEOI)(IOU)P~;,-P~(EOI)U bydefinitionofg 
=(loEOl)(dOI)u-pM(&OI)U since u is a K map 
=u-pJ&@I)u bY 11.2) 
= IV’U = wqu = U’. Q.E.D. 
COROLLARY 2.6. The exact sequence (2.8) splits as a sequence of 
K-bicomodules iff the couniversal coderivation is inner. 
3. COHOMOLOGY OF COMODWLES 
This section contains the two main results: the fact that the relative Ext 
is the derived functor of cointegrations, and a characterization of 
coseparable corings in terms of cointegrations and the relative Ext. 
Here the term relative is used in the sense of Eilenberg and Moore [4]- 
where the injective class of sequences consists of sequences of .K-L 
bicomodules that are S-L split. Therefore, a functor of K-L bicomodules is 
said to be relatively exact if it preserves the exactness of S-L split short 
exact sequences. A K-L bicomodule N is said to be relatively injective (,resp. 
projective) if the functor &omL(-, N) (resp. ,Com,(N, -)) is relatively 
exact, or equivalently, if every S-L split short exact sequence of K-L 
bicomodules with N as the first (resp. third) term is K-L split. Finally, 
a functor of K-L bicomodules is said to be relatively right balanced if 
whenever a covariant (resp. contravariant) variable is replaced with a 
relatively injective (resp. projective) K-L bicomodule, the functor becomes 
relatively exact in the other variables. 
The following proposition is stated in Doi [3, p. 331 for coalgebras over 
a field, but it holds in our setting. 
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PROPOSITION 3.1. Let N be a K-L bicomodule and M an S-L 
bicomodule. Then there is an isomorphism of abelian groups 
&om,(N W + ,Com,(N, K 0 s M) (3.1) 
fb VQf) Pi 
(&Ql)g++g 
natural in N and M. In other words, the functor 
K Qs-:S-Corn-L + K-Corn-L 
is a right adjoint of the forgetful functor. 
COROLLARY 3.2. The induced bicomodule K Qs M is relatively injective. 
COROLLARY 3.3. The sequence 
where 
O-M% KQ,M-% KQ,K@,Kz . . . . 
Wh, 0 ... @k,@x) 
(3.2) 
= jco (-l)‘k,,O a.. @d(k,)@ ... @k,@x 
-(-l)“k,O ... OkHOp;( 
is a (K-L, S-L) relatively injective resolution of M. 
Prooj From Corollary 3.2 each of the induced bicomodules in the 
sequence is relatively injective. An S-L contracting homotopy of (3.2) is 
given by 
Oe=KQsM~KQsKQsM~..., (3.3) 
where 
s,,=&QIQ ... QI. 
In fact observe that 
s~~p&=(~QI)p&=1 
and 
cY=(dQIQ ... QZ)-(IQd”-‘) 
s,=s,-,QZ 
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SO 
s&Y = SJd 0 rg -0. ~z)-(s,~,@z)(z@6”-‘) 
=z-rlS,-l. Q.E.D. 
We now use the relatively injective resolution (3.2), to construct the 
relative derived functor of ,Com,. For N and A4 K-L bicomodules, 
Ext(K-L,S-L)(N, M) is the homology of the complex 
O~,Com,(N,KO,M)-t,Com,(N,KO,KO,111)-r ... (3.4) 
obtained by applying the functor ,Com,(N, -) to the relatively injective 
resolution of A4 given in (3.2). By Proposition 3.1, (3.4) is isomorphic to 
O- ,Com,(N,M)z ,Com,(N,K@,M)L ...) (3.5 j
where 
d”f= (Z@f) pi + i (- lY(10 ... @A@ ... @Z)f 
i= 1 
+ (- 1y+ ‘(I@ ... 0p,;)f. 
In particular the 1-cocycles are the cointegrations and the l-coboundaries 
are the inner cointegrations. Thus 
Ext (lK.L,S-LJ N, M) g Coint( N. M)/Incoint( N, M). (3.65 
In order to obtain the relative derived functor of cointegrations using 
resolutions, we need 
PROPOSITION 3.4. The bijiinctor Coint is relatively right balanced. 
Proof. If X is an S-L split short exact sequence of K-L bicomodules, 
consider the 3 x 3 diagram obtained by applying (2.6) to X: 
o-+x-tK@sX+Q(X)+O. (3.7) 
By Corollary 2.4, each row is S-L split, and clearly the first two columns 
are S-L split. Composing the obvious maps in this diagram, we can see 
that sZ(X) is S-L split. Therefore, if N is relatively projective, then 
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&om.(N, O(X)) is exact, but by (2.7), it is isomorphic to Coint(N, X), so 
Coint(N, -) is relatively exact. 
Now, if M is relatively injective, then (2.6) is K-L split; so O(M) is a K-L 
direct summand of the induced bicomodule K OS A4 and therefore 
relatively injective. So Coint(-, M), which by (2.7) is isomorphic to 
,Com,(-, L!(M)), is relatively exact. Q.E.D. 
For N and A4 K-L bicomodules, let W*(N, M) be the relative derived 
functor of Coint(N, Mj. By Proposition 3.4 this can be computed using an 
injective resolution of M. 
PROPOSITION 3.5. There are natural isomorphisms of abelian groups. 
1. Ext;,,,,,,fN, Q(M)) z w”(N, M), n>O (3.8) 
2. Ext”+’ VC-L,S-~~(~~ W g Ext;,c,,,,,(N, O(M)), n> 1. (3.9) 
Prooj 1. Follows from (2.7). 
2. Since K OS M is relatively injective, Ext&,,,,(N, K OS M) = 0, 
so from the long exact sequence corresponding to (2.6) we get 
0 = Ext;&,,(N K 0s M) -+ Ext$&m,,(N, Q(M)) 
-+ Ext” ,a,s-JN M) --) Ext&,,,,,(N K 0s Mj = 0 
and therefore 
Combining both isomorphisms we get 
THEOREM 3.6. The relative Ext is the relative derived functor of coin- 
tegrations. More precisely, there is a natural isomorphism of abeliam groups 
COROLLARY 3.7. The relative cohomology of a coring is the derived 
functor of coderivations. 
ProoJ: Follows from the theorem and Proposition 2.1. Q.E.D. 
Relatively injective bicomodules can be characterized by means of coin- 
tegrations. 
PROPOSITION 3.8. For a K-L bicomodule M, the following are equivalent. 
RELATIVECOHOMOLOGYOFCOMODULES 223 
(a) M is relatively> injective. 
(b) Exact sequence (2.6) is K-L split. 
(c) The couniversal cointegration from Q(M) into M is inner. 
(d) Every cointegration into M is inner. 
(e) A4 is a direct summand of an induced bicomodule. 
Proof (a) =s- (b) since (2.6) is S-L split. 
(b) S- (e) is clear. 
(b) o (c) by Proposition 2.5. 
(4 - (4 by (3.6). 
(e) + (a) by Corollary 3.2. Q.E.D. 
PROPOSITION 3.9. For a K-L bicomodule N, the following are equivalent. 
(a) N is relatively projective. 
(b j Every cointegration from N is inner. 
Proof. Follows from (3.6). Q.E.D. 
Coseparable Corings 
The following theorem gives a characterization of coseparable corings. It 
dualizes Theorem 4.1 in Kleiner [7], and extends Theorem 3 in Doi [3]. 
THEOREM 3.10. For an S-coring K, the following are equivalent. 
(i) K is coseparable. 
(ii) Sequence (2.8) is K-K split. 
(iii) K is relatively injective K-K bicomodule. 
(iv) H’(N, K) = 0 for all K-K bicomodules N. 
(v) H”( N, K) = 0 for all K-K bicomodules N and all n Z 1. 
(vi) ExtyKe4sKj = 0 for all n 3 1. 
(vii) Ex&, s-Lj = 0 for all corings L and all n > 1. 
(viii) The couniversal coderivation from Q(K) into K is inner. 
(ix) Every coderivation into K is inner. 
(x) Ail cointegrations between K-K bicomoduies are inner. 
(xi) For any coring L, all cointegrations between K-L bicomodules 
are inner. 
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Proof: Propositions 2.1, 3.8, and 3.5, Corollary 2.6, and properties of 
Ext give 
(i) 0 (ii) - (iii) 0 (iv) 0 (v) - (viii) 0 (ix) 
(vii) 0 (xi) 
So we need to show that (i) * (xi). 
Suppose K is coseparable, and let M be a K-L bicomodule. By Corollary 
1.3, pw is K-L split so by Proposition 3.8, every cointegration into A4 is 
inner. Q.E.D. 
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